We investigate the face numbers of simplicial complexes with Buchsbaum vertex links, especially pseudomanifolds with isolated singularities. This includes deriving Dehn-Sommerville relations for pseudomanifolds with isolated singularities and establishing lower bound theorems when the singularities are also homologically isolated. We give formulas for the Hilbert function of a generic Artinian reduction of the face ring when the singularities are homologically isolated and for any pure two-dimensional complex. Some examples of spaces where the f -vector can be completely characterized are described.
Introduction
Stanley's introduction of commutative algebra into the study of face numbers of simplicial complexes via the face ring revolutionized the subject. For instance, he was able to give a complete characterization of all possible f -vectors of Cohen-Macaulay complexes [21] . A simplicial complex is Cohen-Macaulay (CM) if the homology of the link of any face (including the empty face) is trivial except possibly in the top dimension. In [19] Schenzel showed how to extend many of these ideas to Buchsbaum complexes, that is, pure complexes whose vertex links are CM. This includes triangulations of manifolds (with and without boundary). In [14] algebraic aspects of face rings of spaces with more complicated singularities were studied. Here we consider combinatorial and algebraic properties of face rings of pure complexes whose vertex links are Buchsbaum with a particular emphasis on pseudomanifolds with isolated singularities.
We start by introducing the basic notations, definitions and results we need for simplicial complexes, face rings and local cohomology. In Section 3 we derive Dehn-Sommerville relations for pseudomanifolds with isolated singularities. This is followed by a close examination of spaces with homologically isolated singularities. (See Section 4 for a definition.) In this case we are able to establish formulas for the Hilbert function of an arbitrary Artinian reduction of the face ring and a lower bound formula analogous to [17, Theorem 5.2] for manifolds. Highly connected (in the topological sense) spaces are the subject of Section 5. A corollary of these results is a formula for the Hilbert function of generic Artinian reductions of pure two-dimensional complexes (Eq. (10)). Some examples of pseudomanifolds where we can give a complete characterization of their f -vectors are the subject of Section 6. Finally, we show that the Hilbert function of a generic Artinian reduction of the face ring of a complex with isolated singularities is determined by its f -vector and PL-homeomorphism type.
Preliminaries
In this section we review certain aspects of simplicial complexes and their face rings that will be needed in the rest of the paper. An excellent general reference to this material is [23] .
Simplicial complexes
Let ∆ be a (d − 1)-dimensional simplicial complex. The main object of our study is the f -vector of ∆, f (∆) := (f −1 (∆), f 0 (∆), . . . , f d−1 (∆)), where f i (∆) denotes the number of i-dimensional faces of ∆. It is sometimes more convenient to work with the h-vector of ∆, h(∆) = (h 0 (∆), . . . , h d (∆)), defined by
Thus, h 0 (∆) = 1, h 1 (∆) = f 0 (∆) − d, and h d (∆) = (−1)
(∆), whereχ(∆) is the reduced Euler characteristic of ∆.
Fix an infinite field k. Another set of invariants we need are the Betti numbers,
HereH i (∆; k) is the i-th reduced simplicial homology of ∆ computed with coefficients in k.
For a face F of ∆, the link of F in ∆ is lk F := {G : F ∩ G = ∅, F ∪ G ∈ ∆}. We use the following terminology: ∆ is a k-Cohen-Macaulay complex (k-CM, for short) if for every face F ∈ ∆ (including the empty face), β i (lk F ) = 0 for all i < d − |F | − 1; if in addition β d−|F |−1 (lk F ) = 1 for all F ∈ ∆, then ∆ is called a k-homology sphere. When no confusion is likely we may suppress the field k.
A face of ∆ is a facet if it is maximal under inclusion. We say that ∆ is pure if all facets of ∆ have dimension d − 1, and that ∆ is a pseudomanifold if it is pure and each codimension-one face of ∆ is contained in exactly two facets.
A pure simplicial complex ∆ is k-Buchsbaum if all vertex links of ∆ are k-CM, and it is a k-homology manifold if all vertex links are k-homology spheres. A pure simplicial complex ∆ is a k-space with isolated singularities if all vertex links of ∆ are k-Buchsbaum (equivalently, all edge links are k-CM), and it is a k-pseudomanifold with isolated singularities if all vertex links are k-homology manifolds (equivalently, all edge links are k-homology spheres). A vertex v of a space (pseudomanifold, resp.) with isolated singularities is called singular if the link of v is not k-CM (not a k-homology sphere, resp.).
Face rings
The face ring (also known as the Stanley-Reisner ring) of a simplicial complex ∆ on the vertex set V is
where I ∆ is the squarefree monomial ideal generated by non-faces:
It is a result of Reisner [18] that ∆ is a k-CM simplicial complex if and only if k[∆] is a Cohen-Macaulay ring, and it is a result of Schenzel [19] that ∆ is a k-Buchsbaum complex if and only if k[∆] is a Buchsbaum ring. A linear system of parameters (an l.s.o.p., for short)
Local cohomology
Let m = (x v : v ∈ V ) be the irrelevant ideal of the polynomial ring S := k[x v : v ∈ V ]. For a finitely-generated graded S-module M, we denote by M k the k-th homogeneous component of M and by H i m (M) the i-th local cohomology of M with respect to m. For t ∈ S define (0 : M t) := {ν ∈ M : tν = 0}. The socle of M is
For a simplicial complex ∆, Gräbe [8] 
) and its S-module structure in terms of the simplicial cohomology of the links of ∆ and the maps between them. In the case when ∆ is a space with isolated singularities, this description takes the following simple form that we review now. For v ∈ V , let costar of v be cost(v) = {F ∈ ∆ : v / ∈ F }, and consider the i-th simplicial cohomology of the pair (∆, cost v) with coefficients in k: 
Dehn-Sommerville relations
One of the nicest properties of the h-vectors of homology manifolds is the Dehn-Sommerville relations due to Klee [11] asserting that if Γ is an (r − 1)-dimensional homology manifold, then
The goal of this section is to derive the following generalization of Eq. (1) for pseudomanifolds with isolated singularities. In principle this could be done using the results of [3] or [28, Lemma 2] that are stated in terms of f -vectors and are designed to include more general complexes. However, as we will require an h-vector version and only need it for pseudomanifolds with isolated singularities, we derive the formula ourselves. By convention, for all a, b ∈ Z, 
(lk v) . 
The proof of the theorem is by induction on i. For i = 0 the statement reduces to
This holds as h 0 (∆) = 1 and
(lk v)
where the first and the last steps follow from Eq. (2), and the second step from Eq. (1) applied to the vertex links. Thus
Substituting in Eq. (3) our inductive hypothesis for h d−(i−1) − h i−1 and using that
yields the result.
The above formula can be written exclusively in terms of χ(∆). When d is odd every vertex link is an odd-dimensional homology manifold, so its Euler characteristic is zero and Theo- 
Homologically isolated singularities
We now turn our attention to inequalities. In this section we derive lower bounds on the face numbers of spaces with homologically isolated singularities -a certain subclass of spaces with isolated singularities introduced in [14, Section 4] . To achieve this goal we first compute the Hilbert series of Artinian reductions of such complexes generalizing Schenzel's formula for Buchsbaum complexes [19] , which in turn is a generalization of Stanley's formula for CM complexes [21] .
We use the notation of Subsection 2.3. For a linear form θ = v∈V a v x v with all a v = 0, consider the maps ι * :
and their weighted direct sum
Definition 4.1. We say that a (d − 1)-dimensional simplicial complex ∆ on the vertex set V has homologically isolated singularities if (i) it is a space with isolated singularities, and (ii) for all 0
Equivalently, the kernel of the above map f i,θ decomposes as a direct sum of the kernels of the summands, and in particular it is independent of a specific choice of θ (as long as all coefficients of θ are non-vanishing); in this case we write K i and C i instead of K θ i and C θ i , resp. Evidently, any complex with only one isolated singularity has homologically isolated singularities. Many other examples of such complexes are described in [14, Section 4] .
Schenzel [19] proved that if ∆ is a k-Buchsbaum complex of dimension d − 1, then the Hilbert series of k(∆, Θ) is independent of the choice of an l.s.o.p. Θ and is given by
If ∆ is k-CM, this formula reduces to Stanley's result:
Here we extend Schenzel's result to all complexes with homologically isolated singularities. The main point is that the Hilbert series of an Artinian reduction of the face ring of such a complex ∆ is determined by the f -numbers and the homeomorphism type of ∆. 
The crucial part of the proof is the following property of the face rings of complexes with homologically isolated singularities that was observed in [14, Section 4] . A comprehensive reference to Buchsbaum rings and modules is [24] . Here we will need only a few standard properties that we record in the following lemma. 
Proof. We use induction on s. gives the inductive step. The "in particular"-part then follows from Lemma 4.4(2).
We are now in a position to prove Theorem 4.2.
, the linear span of Θ contains a 1-form with all coefficients non-vanishing, we can assume w.l.o.g. that θ 1 is such a form. It is a well-known fact (see for instance [24, p. 150 
Substituting in this equation the "in-particular"-part of Lemma 4.5 yields
Comparing the coefficients of λ i on both sides we obtain
Using that
then implies
Finally, it follows from exactness of
We infer the theorem by substituting these expressions in Eq. (5) and using the identity
Corollary 4.6. Let ∆ be a (d−1)-dimensional simplicial complex with homologically isolated singularities, and let
and hence h
Proof. 
By 
Proof. The second assertion follows the first one and Eq. (5). To prove the first assertion consider the following long cohomology sequence of the pair (where we omit k to simplify the notation)
It implies that dim kHj−1 (X − Σ) = dim kH j−1 (X − Σ) = dim k coker(ψ) + dim k ker(φ). Thus to derive the first assertion it suffices to show that dim k coker(ψ) = C θ j−1 (∆) and dim k ker(φ) = K θ j (∆). This is immediate from the following series of canonical isomorphisms:
The first isomorphism in this series follows, for instance, by induction on the size of Σ using the relative form of the Mayer-Vietoris sequence for the inductive step. The last isomorphism is implied by the fact that cost v is a deformation retract of X − v. The middle one is immediate from the definition of a non-singular vertex: for such a vertex v and j < d − 1, 
Here we extend this result to pseudomanifolds with homologically isolated singularities. (For normal pseudomanifolds, that is, pseudomanifolds all of whose faces of codimension at least two have connected links, it is a result of Fogelsanger [6] that the lower bound g 2 ≥ 0 continues to hold.)
The same assertion also holds if d = 4 and ∆ has at most 5 singularities.
If ∆ is a connected orientable k-homology manifold, then β d−1 (∆) = 1 and by Poincaré duality β d−2 (∆) = β 1 (∆); also for every vertex v, β d−2 (lk v) = 1 while β d−3 (lk v) = 0. Thus in this case Theorem 4.9 is equivalent to the inequality g 2 (∆) ≥ d+1 2 β 1 (∆) mentioned above. In general the right-hand side is a topological invariant of ∆ as all of the nonsingular vertices contribute zero to the last term.
Proof. First assume d ≥ 5. Since ∆ is a (d − 1)-dimensional pseudomanifold with isolated singularities, it follows that the link of every (d − 4)-face F is a 2-dimensional homology sphere, and hence the boundary of a 3-dimensional simplicial polytope. Thus for a generic 1-form ω, multiplication by ω considered as a linear map from k(lk F ) 1 to k(lk F ) 2 , where k(lk F ) is an Artinian reduction of k[lk F ] by a generic l.s.o.p., is an isomorphism. (In characteristic 0 this result was proved in [22] ; for a field of arbitrary characteristic it follows from Murai's paper [15] combined with Whiteley's proof that 2-dimensional spheres are strongly edge decomposable [29] .) The proof of Theorem 4.26 in [26] then implies that if Θ is a generic l.s.o.p. of k[∆] and ω ∈ k[∆] is a generic 1-form, then the map
is surjective. As the socle, Soc (k(∆, Θ)) d−2 , is in the kernel of this map, we obtain that
If d = 4 and ∆ has at most 5 singular vertices, then we appeal to Lemma 6.2 in Section 6 below to see that Eq. (7) holds in this case as well.
Since ∆ has homologically isolated singularities, Theorem 4.2 implies that
where the last step follows from Theorem 3.1. A similar computation using Theorems 4.2 and 3.1, and Corollary 4.6 gives
Substituting Eqs. (8) and (9) in (7) and combining like terms yields the result.
Depth d − 1
The depth of ∆ is the largest j such that the (j − 1)-st skeleton of ∆ is CM. For a space with isolated singularities this is equivalent toH i (∆; k) = 0 for i < j − 1 and for every vertex
in particular, for a space with isolated singularities, having depth j is a topological property. This notion coincides with the usual algebraic notion of depth for k[∆], see [20] . Complexes of dimension d − 1 and depth d − 1 are also known in the literature as almost CM complexes.
Theorem 5.1. Let ∆ be a (d − 1)-dimensional complex with isolated singularities with depth 
In addition, the module structure of
We can repeat this process until we produce θ 1 , . . . , θ d−1 such that multiplication ·θ i :
One last prime avoidance argument to find θ d such that the kernel of multiplication on
Any pure two-dimensional simplicial complex has isolated singularities. Indeed, the link of any edge is a nonempty collection of points and hence Cohen-Macaulay. As h In [13] Lee established that h ′ 2 is the dimension of the space of stresses of a generic embedding of the one-skeleton of ∆ into the plane. (Various defenitions pertaining to rigidity theory such as those of stresses, infinitesimal motions, etc. can be found in [9] .) As an algorithm for the latter for any graph, in particular for the one-skeleton of a simplicial complex, had already been determined, see [9, Theorem 4.4.3] (it is a consequence of Laman's theorem), a combinatorial formula for h ′ 2 already exists. The following corollary states h ′ 2 using the topology and f -vector ∆.
Corollary 5.2. Let ∆ be a connected two-dimensional pure complex. Then for sufficiently generic Θ, h
Proof. The 1-skeleton of ∆ is CM if and only if ∆ is connected.
What about two-dimensional complexes that are not connected? One can either appeal to the rigidity formula and the fact that each extra component introduces three new infinitesimal motions or a local cohomology argument similar to the one in Theorem 5.1 to find that the formula is
Examples
In this section we use methods and results developed in the paper so far to provide a complete characterization of the f -vectors of arbitrary simplicial triangulations of certain 3-dimensional pseudomanifolds denoted by N 1 , N 3 , and N 4 in [4, Example 4] . We start by recalling from [4] the necessary information on the topology of
The pseudomanifold X 1 is the only normal 3-pseudomanifold with 8 singularities all of whose links are the torus that has an 8-vertex triangulation; its homology groups (over Z)
where the last equality is by Theorem 3.1. The pseudomanifold X 3 has 5 singularities; the links of the 5 singular vertices in N 3 have different topological types: four of them are projective planes, while the fifth one is a 2-dimensional torus. The homology groups of X 3 areH 0 =H 1 =H 3 = 0 andH 2 = Z 2 ⊕ Z/2Z. Thus for any triangulation ∆ of X 3 ,
The pseudomanifold X 4 is H ∪C(∂H), where H is a solid 3-dimensional torus and C(∂H) is the cone over the boundary of H. Hence X 4 has only one isolated singularity, and for any triangulation ∆ of X 4 , K 2 (∆) = 1. In addition,
As the above discussion shows, to characterize the h-vectors (equivalently, the f -vectors) of arbitrary simplicial triangulations of X i (i = 1, 3, 4) it is enough to characterize all possible pairs (h 1 (∆), h 2 (∆)), where ∆ = X i . This, in turn, is equivalent to characterizing the set
To this end, we have the following result.
Theorem 6.1. For i = 1, 3, 4 and for a pair (g 1 , g 2 ) ∈ Z 2 , the following are equivalent:
. (In particular, g 1 ≥ 3.)
Proof. To verify that (ii) implies (i), start with the triangulation N i of X i described in [4] (it satisfies g 1 (N i ) = 3 and g 2 (N i ) = 6) and follow the proof of Lemma 7.3 in Walkup's paper [27] . The triangulations N i (taken from [4] ) and the "simple 3-trees" required to invoke this argument are listed at the end of this section. To prove that (i) implies (ii), fix a field k of characteristic zero. Consider a triangulation ∆ of X i , its face ring k[∆], a generic l.s.o.p. for k[∆], Θ = {θ 1 , . . . , θ 4 }, and one additional generic linear form ω. Since ∆ is a normal 3-dimensional pseudomanifold, it follows from [6] that ∆ is generically 4-rigid in the graph-theoretic sense (see [9] or [10] for appropriate definitions). This result combined with [13, Theorem 10] 
follows from Macaulay's theorem (see [23, pp. 56-57] ).
It only remains to show that g 2 (∆) ≥ 6. If ∆ is a triangulation of X 4 , then ∆ has one singular vertex, and the result follows from Theorem 4.9 according to which g 2 (∆) ≥ 5 2
If ∆ is a triangulation of X 3 , then as a k-space (rather than k-pseudomanifold) with isolated singularities, X 3 has only one singular point. (This is because over a field of characteristic 0, the projective plane is acyclic, and hence CM.) Theorem 4.2 then implies that dim k (∆, Θ) 3 = h 3 (∆). Considered as a k-pseudomanifold, ∆ has only 5 singular points, and we infer from Lemma 6.2 below that the map ·ω : k(∆, Θ) 2 → k(∆, Θ) 3 is onto, and hence h 2 (∆) ≥ h 3 (∆). Thus
Finally, let ∆ be a triangulation of X 1 . Since the given triangulation N 1 of X 1 in [4] contains the complete 2-skeleton on eight vertices its depth is 3. By Theorem 5.1, dim k k(∆, Θ) 3 = h 3 (∆) plus a term which only depends on the topology of X 1 . However, as all of the missing faces of N 1 are three-dimensional, dim k k(N 1 , Θ) 3 = h 3 for this triangulation, and thus for all others. This implies that dim k [k(∆, Θ)/ω] 3 ≥ g 3 (∆), and hence that (1, g 1 (∆), g 2 (∆), max{0, g 3 (∆)}) is an M-sequence. Thus according to Macaulay's theorem, if g 2 (∆) < 6 = Proof. Let U ⊆ V be the subset of singular vertices of ∆ and let ∆ U be the induced subcomplex. Consider the following commutative diagram.
By the snake lemma it is sufficient to show that the two outside maps are surjective for generic choices of Θ and ω. As |U| ≤ 5, k(∆ U , Θ) 3 = 0 unless |U| = 5 and ∆ U contains the entire 2-skeleton of the 4-simplex with vertex set U. However, if this is the case, then the right-hand map is the same as for the boundary of the 4-simplex, where it is known to be surjective. For the left-hand map, first we observe that I 3 is generated by all monomials that contain at least one nonsingular vertex. Now we follow the proof of [26, Theorem 4.26 ] to see that each of these monomials is in the image. 
PL homeomorphic pseudomanifolds
As Theorem 4.7 shows, for a simplicial complex ∆ with homologically isolated singularities, the quantities dim k k(∆, Θ) i − h i (∆), for 0 ≤ i ≤ dim ∆ + 1, are independent of the choice of an l.s.o.p. Θ; moreover, they depend only on the homeomorphism type of ∆ . While for an arbitrary complex ∆, the Hilbert function of k(∆, Θ) does depend on Θ, for sufficiently generic linear systems of parameters it is a constant, and we define
. Since in this section we work only with generic linear systems of parameters, to simplify the notation we write k(∆) instead of k(∆, Θ).
A natural question raised in [14] is whether for an arbitrary
is determined by the homeomorphism type of ∆ . As noted earlier, for i = d, the answer is yes as h
The main result of this section is that for spaces with isolated singularities, h ′ i − h i is determined by the PL-homeomorphism type for all i.
Theorem 7.1. If two simplicial complexes with isolated singularities, ∆ and Γ, are PLhomeomorphic, then h
Since PL-homeomorphic complexes always have a common subdivision, and since the link of any face F , dim F > 0, of a complex with isolated singularities is CM, Theorem 7.1 is a corollary to the following result. We recall that the stellar subdivision of a simplicial complex ∆ at a face F (where F ∈ ∆ and dim F > 0) is the simplicial complex obtained from ∆ by removing all faces containing F and adding a new vertex ρ as well as all sets of the form τ ∪ {ρ} where τ does not contain F but τ ∪ F ∈ ∆. Proof. Our proof is motivated by the ideas from [12] . Let V be the vertex set of Γ and V − {ρ} the vertex set of ∆. We write F to denote the simplex F with all its faces. Consider the following subcomplexes: L = F * lk F -the closed star of F in ∆, R = {G ∈ ∆ : G ⊇ F } -the costar of F in ∆, L ′ = ρ * ∂F * lk F -the join of the boundary complex of F with ρ and the link of F .
Then ∆ = L ∪ R, Γ = L ′ ∪ R, and L ∩ R = ∂F * lk F = L ′ ∩ R -denote this common intersection by T . Therefore, we have the following short exact sequences of S-modules (recall that S = k[x v : v ∈ V ]), where the maps φ, ψ, φ ′ , ψ ′ are induced by inclusions of the corresponding subcomplexes: Thus by naturality of the long exact Tor sequence, we obtain the following commutative diagram:
where id is the identity map, and δ and δ ′ are connecting homomorphisms. Hence for all i,
yielding that
as required. The second step in this computation holds since L and L ′ are CM, and thus h ′ (L) = h(L) and h ′ (L ′ ) = h(L ′ ); the last step follows from the fact that f j (∆) = f j (L) + f j (R)−f j (T ) and f j (Γ) = f j (L ′ )+f j (R)−f j (T ) for all j, so that f j (L ′ )−f j (L) = f j (Γ)−f j (∆) for all j, and hence also h i (L ′ ) − h i (L) = h i (Γ) − h i (∆) for all i.
